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KuiBchkuiil HalllOHATBHUM YHIBEPCUTET OYIIBHUIITBA 1 apXITEKTypH

YUCEJIBHA PEAJIIBAIIS MOJIUPIKOBAHOI'O
METOAY IIPSAMUX.

Baowcnusum  emanom  cyuachux xombinoeanux memoodi8 € 3acMOC)8AHHS
YUCENbHUX MemOo0i8 00 po38’a3anusa pedykosanux 3aoay. Came ye 6y10 HedOoNiKom
KIACUYHO020 Memooy npamux. HucenvHuil Memoo 8UKOPUCMOBYBABCA OJisl 3HUNCEHHS
sumipHocmi (pedykyii) 8UXiOHUX PIBHAHL, Y pe3yiomami Y020 pedyKOBAHI PiBHAHHS
manu cknaouutl euenso. Lle 3asasicano 3acmocy8antio Cy4acHux YucenbHux mMemoois
ONsl IX p036’sA3aHHA. 3HUMNCEHHS BUMIDHOCMI BUXIOHUX 2PAHUYHUX MA NOYAMKOBO-
2PAHUYHUX 3a0ay OJisl PIBHAHb MeOopii NPYHCHOCMI mMa MEPMONPYIHCHOCHI 34
00NOM02010 NpoeKyitiHoco memody [1] 36epicac opmy KlacuyHux epaHudHux ma
NoYamMKOBO-2PAHUYHUX —3A0ay MamemMamuyHoi @izuku 1 nompebye He3HAUHY
aoanmayito 00 CcydacHux uyucenvHux memooie [2-6]. Came yum nNUMAHHAM
npucesayeHa oana poboma. 3acmocy8anHs MOOUPIKOBAHO20 MemOOy NPAMUX MOiCe
Oymu nowupeHo Ha CmamuyHi 3a0ayi meopii NPysICHOCmi ma cmayioHapHi 3a0ayi
mennonposionocmi [7], Ha 3a0aui ycmaneHux KoIUu8aHb NPYICHUX KOHCMPYKYIl, HA
3a0aui 3HAXO0OJHCEHHA OUHAMIYHUX Xapakmepucmuk (yacmom I ¢opm enacHux
KOIUBAaHv), 3adauy HecmayioHapHoi mennonpogionocmi [7] ma HecmayioHapHux
KOMUBAHb NPYIHCHUX 00 ckmis. Pozensanemo numanna aoanmayii cy4acHux yucenvHux
Memooi8 Ha po38’s3aHHA 8I0NOBIOHUX pedyKosanux 3adad. lIpu yvomy eadxcnueo &
AaKitl popmi HeobXioHo nodasamu pedyKOBAHI pPIGHAHHA 8 3aledCHOCmi 8i0 ix

CMPYKmMypu ma ocobnueocmi 8i0N08I0HO20 YUCENbHO20 MEMOJ).
Knrouoesi cnosa: HanpyceHo-0eghopmosanuil CMaH, ouHamixa,
MEPMONPYHCHICMb, NPOEKYIUHUL Memod, MOOUPBKOBAHUT MEMOO NPAMUX
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Jlana crtatts € npomoBkeHHSIM cTarTi [16], omyGiikoBanoi B No70 mporo
301pHUKA.
1. JIns rpaHMYHMX 3aJ1a4, [0 OMUCYIOTh CTATHKY MPYKHOTO Tijia Ta CTalliOHAPHY
TEIJIONPOBITHICTh TBEPAOTO Tija, peyKOBaH1 PIBHSIHHS 3BOASTHCS 10 BUTTISLY:

- SKIIIO BUXiJHA 3aJlaya JBOBHMIipHA IO MPOCTOPOBUX KOOPJAWHATAX, TO IPH
3HMKEHHI BUMIPHOCTI IO OJIHIM 3MIHHIN peayKoBaHI piBHSHHS HEOOXiTHO
3anucatu y hopmi Korri
%=A(x)-Y(x)+F(x), xe[O,L], (1)

?(x) - BEKTOp HEBIJJOMUX, 1110 B MAaTPUYHO-1HJEKCHIN (popMi Mae BUTIISI:

Y(x)= [ui(x) Vi(x) oy(x) T, (x)}T - 78 pPeAyKOBaHMX pIBHAHHAX Teopil
MPY>KHOCTI, izm : f’(x) = [T i(x) qi(x)]T - sl peayKOBAaHMUX PIBHSHHSIX
Teruionposinnocti, i =1, N, . Tyt i gani N - KinbKicTb npsamux napanenbuux oci 0.

BII[HOBII[HO plBHHHHH (1) Ma€ BAIVIAL:

' a, a; a; a; | [4/] [0
d Vv alj aij aij aij Vv 0 . |
g O’i B a;l a;.z a;3 a;“ O_){ + ;z - Y BUIIAJIKy BUX1JIHUX P1BHSIHb @)
7] |t afap e | L7a] [V

Teopii MPYKHOCTI;

d [ [ [ [0 -

i q; b;.lb;.z qi + @I. Y BUNAJKY BUX1JHUX PIBHIHb 3)
TeTTONPOBITHOCTI.

VY cniBBigHOIIEHHSX (2), (3) Mo iHAEKCaX, 1110 MOBTOPIOIOTHCS Ta PO3TAIlIOBaHI B

pI3HUX DIBHAX, MepeadadaeTbes MiACYMOBYBaHHS B MeXaxX 00J1acTi 3Ha4eHb JaHOTO
iHaekcy (y3romkenHs EiHiTeitHa).

Sxio BUXiHA 3a7a4ya TPUBUMIPHA O MPOCTOPOBUX KOOPJIUHATAX, & 3HUKEHHS
BUMIPHOCTI BUKOHYETHCS TIO JIBOX MPOCTOPOBUX 3MIHHMX, HANPUKIaA, y Ta Z, TO 31

3MIHHOIO ) TOB’s3yIOThCs iHmekcu (i, j,a,f,y)= lN , @ 31 3MIHHOIO Z IHJIEKCH

(k,l,v,e,0)=1,N_ . N, - KUIbKICTb HpsAMHUX mNapajnenbHux oci 0z, a BIANOBIIHI
BEKTOPH Ta MaTPHUIIl MAOTh BUTJISI:
- Y peAyKOBaHUX PiBHSHHSIX TEIUIOMPOBITHOCTI:

4

] [k

ik | T 2122
q b, by

X

Y(x)=
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- Y peIyKOBaHHX PiBHSHB TEOPil MPYyKHOCTI:

ik M 11 12 13 14 15 16 |
u ay dy 4 dy 4y Ay
ik 20 22 23 24 25 25
v Ay Ay Ay Ay Ay Ay
i
3 W TR I R
Y(x) g=| % Y G b G G 5)
Gik ’ 41 42 43 44 45 46
x Ay dy Ay a4y 4y Ay
ik 51 52 53 54 55 56
Ty Ay dy Ay Ay dy Ay
i 61 62 63 64 65 66
| Ty |9 Gy Ay Ay Ay Ay |

['pannyuni ymoBu: nns piBHsiHHA (1), (2)
mpu x=0 C,(Y(0)—Do), npu x=L C,(Y(L)-®.) (6)
s piBaanHs (2)npu x =0 C(Y(0)-,), npu x=L C,(Y(L)-D,) (7)
Tyt Y - BEKTOP BUMIPHOCTI 2N, @ - B1JIOMUI BEKTOP BUMIPHOCTI N,
Y - marpuus Bumiprocti N, x N_, @, @, - Bigomi Matpuui BumipHocTi N x N_.

Jlnst piBHSIHBb TETUIONMPOBIAHOCTI 3a TpaHUYHI YMOBH MPUHAMAIOTHCS YMOBH
KOHBEKTUBHOT'O TEIJIOOOMIHY, sIKi Miclsi peAyKyBaHHS MalOTh B 1HAEKCHIN (opmi
BUTJISI/, aHAJIOTIYHUN BUXiTHUM TPaHUYHAM yMOBaM.

Cucrema peaykoBaHwxX piBHSHb (1) 3 BIANOBITHUMU  peTyKOBaHUMH
rpaHMYHUMHU yMoBaMmH (3) Ta cHucTeMa peayKOBaHUX PiBHAHB (2) 3 BiAMOBIIHUMH
I'PaHUYHUMH yMOBaMM (4) YTBOPIOIOTH pEeIyKOBaHI TpaHW4HI 3ajadi. BiuibiicTh
Cy4aCHUX YMCEIIbHUX METOJIB OyAyIOThCSl Ha ifel 3BeleHHsS BHUXIJHOI I'PaHUYHOL
3a/1a4i 10 po3B’s3aHHs KiJIbKoX 3ana4 Korri.

OckiNbKY 3rajiaHi BHUXIJHI 3a7adi € JiHIMHUMH, TO PeayKOBaHI 3agadi TaKoxX

JiH1MHI. MHOXXMHA 4YaCTKOBHMX PO3B’sI3KiB OJfHOPiAHOTO piBHAHHS (Tipn ' =0 abo 17)
YTBOPIOE JIIHIAHUNA TpocTip BuUMipHOCTI M =2N 1as peaykoBaHOl 3ajaadi
TEIJIONPOBITHOCTI Ta BuUMIpHOCTI M =4N jnsd penykoBaHOi 3amadi  Teopii
MPYXKHOCTI. SIKIO po3riisimaeTbesl TBOBHMipHA BHXiTHA 3a7ada, TO BiJITOBIIHO
M =N,xN_.V Bunaaky TpUBMMIpHOi BUXifHOi 3ajmaui - M =6N x6N_. B M -

BUMIpPHOMY JIiHIHHOMY MpocTopi icHye Oa3uc 3 M eneMeHTIB, SKi yTBOPIOIOTH
JTiHIAHO He3aJexHy cuctemy eneMeHTiB. Ha 1X ocHOBI B Teopii JiHIHHUAX
audepeHLiaJbHIX PIBHSHb BUBOIMUTHCS CTPYKTYypa 3arajbHOTO PO3B’SI3KY CHUCTEMH

penykoBaHuUX  piBHSHB  (8), #e {Z 1(x),Z2(x),Z3(x),..2L u (x)} =Z(x) -
dbyHIaMeHTalbHa CHCTEMa YaCTKOBUX PO3B’S3KIB OJHOPIAHMX PIBHSHL Ta
dbyHIaMeHTalbHa MaTpUIlsd, CTOBIYMKAMHU sKOI € BeKTopamu (yHIaMeHTaIbHOI

CUCTEeMHU PO3B’SI3KIB, 7o - IOYaTKOBHiA PO3B’S130K HEOTHOPITHOI CUCTEMH.
Y(x)=Z(x)-b+Zo(x) (®)



344 Micmobyoyearnns ma mepumopianvhe niaH)8aHHs.

Jlo  enemeHTiB  (QyHIaMeHTadbHOI  CHUCTEeMH  PO3B’S3KIB  JIIHIAHOIO
nudepeHIliaJIbHOro PIBHSAHHS € JBI OCHOBHI BUMOTU — ii €J€MEHTU MMOBUHHI OyTH
YaCTKOBUMHU PO3B’SA3KaMU BiJIITOBIIHOTO OAHOPIHOTO PIBHSHHS, YACTKOBI PO3B’SI3KU
TIOBHHHI YTBOPIOBATH JiHITHO-He3allexkHy cucteMy 3 M eneMeHTiB.

[TobynoBa ¢yHIaMeHTaNbHOI CHCTEMHU PO3B’S3KiB BUKOHYETHCS PO3B’S3YIOUU
3amaqy Komr s ogHOpigHMX piBHAHb, BuOpaBmmM npu x =0 s BEKTOpPIB
byHIaMEHTAJIBHOI CUCTEMHU PO3B’SA3KIB TIEBHI 3HAUYEeHHS. SKIIO I1i MOYaTKOBI BEKTOPH
YTBOPIOIOTH JIIHIAHO He3aleXHy CHUCTeMy, TO 3T1IHO TEOpeMU IMpPO OJHO3ZHAUHHMA
po3B’s130K 3aaa4i Kormri, B iHIIMX TOYKax Bifpi3ka [O,l ] 3HAlIeH] 3HaYeHHSI BEKTOPIB
TaKOX YTBOPIOIOTH JIIHIHO He3aJIe)KHY CUCTEMY BEKTOPIB.

AHanoriuHo OyAyeTbCSi UYacCTKOBUH PO3B’S30K HEOAHOPIAHOI CHUCTEMHU
nudepeHIianpHuX piBHAHB. HaltpocTime 11t mody1oBu dhyHIaMEeHTAIBHOI MaTPHII
Ta YaCTKOBOTO PO3B’SI3KY HEOAHOPITHOT CUCTEMU BUOUPATH:

Z(0)=FE,
Z(0)=0.

Jle E - omuHmuHa Marpuins BuMipHOCTI M, 0 - HyJNb-BEKTOp BiIIOBITHOI

)

BHMIPHOCTI.

[{e HadmpocTimwii BapiaHT 3BeICHHS TpaHWYHOI 3a1a4i 70 3a7a4i Kormi. A came
JU1sl po3B’si3yBaHHs 3anadi Ko po3po6seHi epeKTUBHI Ta BUCOKOTOYHI YHCEIbHI
METO/M, HalOIIbII BXKUBAHUM 3 SIKMX € MeTon PyHre-KyTTu derBepTOro mopsaxy
To4HOCTI. Lle IBHUI OJHOKPOKOBUI METO, SIKUW Ma€ AeKiabKa iHTepnperauiii [7]. ¥V
HAIIUX poOOTax BUKOPUCTOBYeThbCst MeTo PyHnre-KyrTh, Bapiant Mepcona (RKM)
[9].

[Tpy BUKOpUCTaHHI SBHUX YUCEITHHUX METO/IIB BUHUKAE OJIHE YCKIIATHEHHS, SKe
MiCUITIOETHCSl BIACTUBOCTSIMHU PeAyKOBaHUX PIBHSHB, sIKi € ‘““kKopcTkumu’ [7] 1 ue
BIUTUBA€E Ha CTIHKICTh OOYUCITIOBAIBHOTO MIPOIIECY.

Jnsa niniinux nudepenuiansaux piBHsiHb C.K. ['ogynoB [10] 3ampomnoHyBas
JIOAATKOBY OIlepallilo B Mpoleci IHTErpyBaHHs cUCTeMU IudepeHIliaTbHUX PiBHSIHb.
[Ipu ¢ikcoBaHOMY x 3HAUYEHHS 4YAaCTKOBUX pO3B’SI3KiB YTBOPIOIOTH CHUCTEMY
BEeKTOpiB, sKka B OyAb-AKill Touli Bigpi3ka iHTerpyBaHHsS Mae OyTH JiHIHHO
He3aJiexxHoto. [Ipu iHTerpyBaHHI piBHSAHD SSBHUMH METOJaMHU MOKJIMBE HAKOMHUYEHHS
MOXUOOK, 110 TIPU3BOAUTH JI0 TIEPETBOPEHHS JIIHIHHO He3aJe)XHOI CUCTEMU BEKTOPIB
Ha “maibke” miniiiHO 3anexHy. C.K. 'onyHOB 3anmponoHyBaB Bipi30K iHTErpyBaHHsI
pO30MBATH TIEBHOKO KIJBKICTIO TOYOK, B SKHX HEOOXITHO OpPTOTOHAaJi3yBaTh
dbyHIaMeHTaJIbHY CHCTeMY PO3B’S3KIB 3a JOMOMOTOI MpPOLEAYypU OpPTOroHamizarii
['pama-IlImiaTa. Ile nomaTkoBO ycCKIagHIOE alrOpUTM iHTerpyBaHHs 3afaui Ko,
OCKITBKM TIpU TIepexXoii BiJ OJHOro Oa3uWcy a0 IHIOTO (OPTOHOPMOBAHOTO)
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—

3MIHIOETBCS BEKTOpP JIOBUIBHUX CTajduX b B CIHIBBIAHOIICHH] (8), 110 YCKJIQJHIOE
O0OYHMCIIOBAJIBHUN aJTOPUTM.

[[lo6 yHUKHYTH 3aiiBUX yCKJIaJHEHb B YHCEIbHUX MeETOJAax, MIO
BUKOPHUCTOBYIOTh PO3B’s3KM 3anad Komri mis cucteM ““KOpCeTKHX’ 3BHUAWHUX
audepeHLiaJbHuX piBHAHDb [ipoM 3ampornmoHOBaHO MeETOJ, SKUW OaszyeTbcs Ha
dhopmynax (10)

dx(t)

—= f(x(?),¢ 10
py S (x(@),1) (10)
Xyt =%, T I (X, 051,,) = %, + L f (x,,,,2,.,)] - meTon I'ipa nepioro nopsaxy;
xn+l = %xn - %xn—l + h|:§ f(xn+l’tn+1)i| - prroro HOpHHKy;
18 9 2

X =—X —X ——X

n+l 1 1 n 1 1 n—1 1 1 n—-2
48 36 16 3 12

X =—X —X +—X —X + — X ,t+ - YETBEPTOIro rnopsaaKy.

n+l 25 n 25 n—1 25 n—-2 25 n-3 ﬂ/ll:zs f( n+1°"n l):| p p it y

Tyt h=Ax - BiicTaHb M)XK TOUKaMU, HOMEPHU SIKUX, BKa3aHi B hopMynax

+ h[% f(xn+l’tn+l):| - TPETHOTO TTOPSAKY;

MoxHa moOyyBaTi MeToau ['ipa BUIIIOTO TIOPSIZIKY, ajle HAMOUTBIT BXKUBAHUMU
€ TyT HaBejieHi. Yci Metoau ['ipa € HessBHUMHE Ta 6araTokpokoBuMu. Lle o3Havae, mo
JUIs 3aimycky MeTtoay l'ipa HeoOXiHO CIOYaTKy YHMCEIbHUM METOJIOM BH3HAYWTH
KIJIbKa MEepIINX 3Ha4eHb PO3B’ 3Ky (11 MeToaa ['ipa Ipyroro nopsiaky x,, TpeTboro
HNOpSIAKY - X,,X;, 4eTBEPTOrO - X,,X;,X, ( X, BiIOMe 3 IOYaTKOBUX YMOB). Sk
MpaBUJIO, BKa3aHI 3HAYEHHs OOYMCIIOIOTBCS 3a Jomomoror Metony Pynre-Kyrtu
BIJIMIOBITHOTO MOPSAJAKY TOYHOCTI. Y alrOpUTMI JUIsl 3HAXOMKEHHS X,,, Ha KOKHOMY
KpOIli He0OXiTHO pO3B’A3yBaTH HENIIHIMHI PIBHSHHS.

VY Bunazaky niHikiHOI 3a1a4i Kol BUXijiHe pIBHSHHSI Ma€ BUTJIS

V) _ 4T () + F(x) (11)

@®opmynu  wmetonis [ipa (MI) Oymyemo 3a CHIBBIZHOLIEHHSIMHU [ <> X,

— — —(x)
F(x, ot.) e A(x, Vi + F(x,,), x" <Y, .

OTpuMy€eMO HACTYMHI (POPMYIIH:

n+l

17 MI iepioro nopsiaky I7n+1 = ?n + h[A ~I7n+1 + F,m];

st MIT ipyroro nopsaky Yo = %?n - %?n—l + h[%(/l Yo + Fn+l)i|;

n+l

st MI' TpeTboro nopsiaky Yo = %?n - %?;1-1 + %Yﬂ—l + h[%(/ln+l Yo + Fn+1):|;
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g MI™ yeTBepToro nopsiaky

?n+1 = ﬁ?n _ﬁ_)n—l +£?n—2 _i?n—3 +h E(Anﬂ : ?n+l + Fn+l) .
25 25 251 25 25

VY K0KHOMY 3 IIUX CIiBBIIHOIIIEHh MOYKHA 3HAUTH Y’m SIBHO, MA€EMO:
qu1st MIT iepIoro mopsiaky Yo = [E-h-A,, ]_1 |:?n +h- Fn+1:|;
- 2 T4 15 2 —
st MIT gpyroro nopsiaky Ya«a =| E _Eh ‘A EYn —§Yn—l + Eh “Fua |

g MIC Tpetboro nopsaxky

-1
?”+l =|:E_£h ) An+li| |:18?n _zyin—l +1_21?n—2 +%h 'Fn+li|;

11 11" 11
st MI' ueTBepTOro nopsiaky
-1
?n+l = E_Eh'An_H : ﬁ?n_ﬁ?n—l +£?n—2_i?n—3 +£h‘Fn+I ’ (12)
25 25 25 25 25 25

ne F — onvHUYHA MaTpHIIs.

Sxmo Matpuist A e cranoro, T00T0 4,,, = 4, 415 ycixX 3Ha4eHb 1, TO 0OepHeHy
MaTpHULO Tpeba IIyKaTh OAWH pa3, sIKIIO XK L MaTPHUILI 3aJIe)KUTh BiJ 3MIHHOT X, TO
Ha KOXXKHOMY KPOIli HE0OXiTHO 3HAXOUTH O0EpHEHY MATPHIIIO.

VY pesynbrari yncenbHOro po3B’si3aHHs 3anadi Komri B Toukax Bipi3zka [O, [ ]

BU3HAYAIOTHCS 3HAYEHHsI (PyHAAMEHTaIbHOI MaTpull Z(X,) Ta 4aCTKOBOTO PO3B’S3KY

HEOJHOpiAHOI cucTeMH PiBHAHBb Zo(x,) . Lle mae 3mory mnoOyayBaTu 3aranbHuil

PO3B’S130K IPaHUYHOI 3a/1a4l, BAKOPUCTOBYIOUN rpaHU4H]1 yMOBH 1pu x =0 1a x=L.
Sxwo nns iHTerpyBaHHs 3anady Ko BHKOpUCTOBYeThcs mMeTon lipa, TO BUIVIAX
3arajgbHOTO PO3B’SI3KY HE 3aJI€KUTh BiJl 3MIHHOI X 1 CTajl IHTerpyBaHHS 3HAXOASTHCS
3 pIBHSIHbB:

CO(Z(xO)BJO(xO)—Eio): 0
. _ (13)
C,(2(x,)b+Zo(x,) - D) =0
Skmo npu iHTerpyBaHHi 3amad KoIlll BUKOPHCTOBYETHCS OPTOTOHAJI3AIlis
BEKTOPIB YaCTKOBUX PO3B’S3KiB, TO MPHU BUKOPUCTAHHI TPAHUYHUX YMOB HEOOXiTHO

—

BpaxOBYBaTU 3aJIe)KHICTh BEKTOpa CTajuX IHTeTpyBaHHS b Bi KOOpAWHATH
BIZIOBIAHOT TOYKH.

[ToyaTtkoBi ymoBH 1yisi moOymoBu 3amad Komri 1 maHoi cUcTeMU 3BHYAHUAX
nudepeHLiaJbHuX PIBHAHD MOXKHa BHOMpAaTH JOBUIBHO. AJle AN 3HAXOIKEHHS

BEKTOpa KOHCTAHT IHTErpyBaHHsS b HEOOXiIHO BHKOPHCTOBYBATH TI'PAaHWUYHI YMOBH
rpannyHoi 3aga4i npu x =0 ta x=L. C.K. 'ogynos [10] 3anponoHyBaB BUOUpaTH
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(dbyHIaMeHTaIbHy CHCTEMY pO3B’S3KiB Z Ta BEKTOp pO3B’s3KiB HEOTHOPIIHOI

CUCTeMH Zo TaKUM YHMHOM, 1100 BOHM 3aJOBUIbHSUIM TPaHUYHUM yMOBaM B
MOYaTKOBIA Toumli iHTerpyBaHHsa 3amadi Komi. Takuii Bubip QyHIamMeHTaTbHOL

matpuii Z(x) Ta BekTopa Zo(x) yABiUi 3MeHIIye 06’e€M HeOOXiJHHUX OGUUCICHD.
. M .
Z(X) - OpsIMOKYTHa MaTpHI PO3MIPY (M ><7) IIpu upomy Z(x,) HeoOXigHO

BUOMpatn B 3anexHocti Big C, , Zo(x0)=ao . HManmi meronom Pynre-Kyrtn

yeTBepToro creneHs 3 BukopuctanusaM meroga C.K. ['onyHoBa OyayeThes po3B’s30K
3amaul Kormi.

AHanoriyHo Oyayerbes 3amada Koii 3 ypaxyBaHHSIM TpaHUYHUX YMOB IpHU
x =0, ane po3B’sA30K 1Ii€l 3a7a4l BUKOHY€ETbCSI MeTOJOM [ipa, 1e BEeKTOp MOBIIBHUX

cTalux b 3HAXOIATHCS 3 IPAaHMYHAX YMOB IIpH X = L .

2. Po3rnsHyTi B momepeaHhOMY IMYHKTI YUCETbHI METOAM BUKOPHCTOBYIOTHCS
UIsl TTOOYZIOBH  aJTOPUTMIB O3B’ SI3yBaHHS KBa3iCTATUYHUX JAUHAMIYHUX 3ajad
OyIiBeIbHOI MEXaHIKM — 3HaXOJKEHHS YacTOT 1 (OopM BJIACHUX KOJMBaHb — Ta
3HaXOM)KeHHsI aMIUTITyIHUX 3HaueHb xapakrtepuctuk HJIC mnpu ycraneHux
KOJIMBaHHSX.

Jlnst 3Haxo[KeHHsT 4acToT 1 (OopM BIACHUX KOJIMBaHb BHKOPHUCTOBYIOTHCS
peayKkoBaHI AMHAMIUHI PIBHSHHS Teopil NpPYXHOCTI, sIKi 3amucyroThCs y (opmi
CUCTEMH OJHOPIAHUX TudepeHIiabHAX PIBHSIHB MEPIIOT0 MOPSAKY 0 MPOCTOPOBUX
KoopauHaTax. BuxigHi quHaMivuHI pIBHSHHS B IJIOCKIM MOCTaHOBLI PeAyKYIOThCS IO
OJIHI TIPOCTOpPOBIM 3MIiHHIH, a peAyKOBaHI pIBHSHHS 3aliekaTh BiJ OJHIET
IIPOCTOPOBOI 3MIHHOT, HANpUKJA X . Jlo piBHSAHB BXOJSATh TAKOX 1HEPILIIHI CKJIaI0BI

o’u' (x) oV (x)
Ta .
or’ or’

MPOBOAMTHCS MO JBOX MPOCTOPOBUX KOOpAWHATAX, TO PeAyKOBaHI PiBHSHHS MalOTh

Skimo BuUXiAHI PIBHSAHHS € TPUBUMIPHUMHU 1 pemyKIlis

aHAJIOTIYHUN BUTIAN, Xi0a IO BKIIOYAIOTh JOJATKOBY IHEPLIHHY 3MiHHY
oW (x,1)
o’
[Ilykatoun po3B’sI30K peyKOBaHUX PiBHSIHB Y BUTJISAI BITbHUX KOJIHBAHb:
u™ (x,t) =u" (x)-sin(wt + @),
(14) Vv (x,t) =v™(x)-sin(ot + @), (15)
w* (x,t) = w* (x) - sin(ot + @);
MPUXOJUMO J10 po3B’si3yBaHHA 3aaadl (16), sika 3a BUITISIAOM pIBHSHB CXOXa Ha

u'(x,t)=u'(x)-sin(wt + @),
Vi(x,t) =V (x)-sin(wt + @);

piBHHHHH JJIA CTaTUYHHUX 3a4a4.
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Y —
arx) = A(w,x)Y(x) (16)
dx
[To-mepirie, 11e cUCTEMa OIHOPIAHUX PiBHAHB, 3 OAHOPITHUMH MPAHUYHUMH YMOBaMHU:
C,-Y(x,)=0
07" (17)
C, -Y(x,)=0

Ile TumoBa 3ajavya Ha BIACHI 3HAYEHHS [JIsi CHUCTeMH JudepeHIiaTbHIX
piBHSIHB, SIKy Cy4YacHi YHCeNIbHI METOAU PO3B’S3yIOTh MOKPOKOBHM MeToioM [12].
Jlani piBHSHHS Ta TpaHUYHI YMOBH € OJHOPITHUMH, HEHYJIbOBI PO3B’S3KH 1
BIJIMOBIHO KOJIMBaHHS MOXJIMBI MPH TMEBHOMY 3HadeHHI dacTtoTu. [Ipm moOymoBi
PO3B’SI3KY 3a MOMNEePeAHBOTO MiAXO0AY T'PaHUYHI YMOBHU OJHOPI/IHI, TO i pO3paxyHKOBI
PIBHSIHHSL JJIi 3HaXOJKEHHS BEKTOpa CTaJUX I1HTerpyBaHHS b Takox OyIyTh
omHOpiAHUMU. HeHyiboBHiA pO3B’ 130K anreOpaidHuX piBHSIHB OyJle B TOMY BUIAJKY,
SKIIO AeTepMIHAHT MaTpHI KoedillieHTiB JOPiBHIOE HYIIIO.

3amaroun iHTepBa 3HAYeHb (), B MEXKaX SKOTO BU3HAYAIOTHCS BJIACHI 3HAYCHHS,
pO3B’s3y€ThCd KBa3icTaTW4YHA 3ajaya 13 3aJaHuM (PIKCOBaHMM 3HAa4Y€HHSIM @ .
JlocniKyeThCsl 3HaUSHHSI IcTEpMiHAHTa MaTPHIll BIAMOBIIHOT ajnrebpaiuHoi cucTeMu
piBHsiHb. HeoOxiaHO 3aaaTh, 3 KOO TOYHICTIO 3HAYEHHS JeTepMiHaHTa BBaXKA€ThCS
HYJIbOBUM.

[Ticns 3HaXO/KEHHS 3HAYEHHSI @, MPU SKOMY JIeTepMiHaHTa JOPIBHIOE HYIIIO,
HeoOXiIHO MOOyayBaTH BIAMOBIAHY ¢GOpMYy BIACHUX KoiluBaHb. /[l 1mporo
TOCIIKYIOTh ~ anreOpaidHy CHUCTeMy, 3 SKOi 3HaxXOJWUTBCS BEKTOp CTalluX

IHTerpyBaHHs b. Ockinbku JeTepMiHAaHT MaTpHlll Koe(dillleHTIB YMOBHO AOPIBHIOE
HYJIO, TO il paHr MeHIIe KUIbKOCTI HeBioMux. OHe HeBioMe He € 3B’3aHUM LIUMHU
PIBHSIHHSIMU 3 IHIIMMHU 1 MOXke OyTu BuOpaHe Oynb-skuM. BuOuparoun Take HeBiiome
MEPeHOCUMO HOTO B TIpaBy YacTHHY 1 3HAXOJMMO BIJIMOBIIHI 3HAYCHHS TIEPEMIIICHb,
AKi 3aleXHi BiJ BHOpPaHOro, pO3B’S3yEMO OTPUMaHy CHUCTEMY pIiBHSHb. 3a

noOyJI0OBaHUM BEKTOPOM b 3HaXOAWMO BIJIMOBIIHI 3HAYECHHS TMEPEeMIllleHb, SKi
BHU3HAYalOTh ()OPMY KOJMBaHb, BU3HAYEHY 3 TOYHICTIO IO MHOXHHUKA.

3. 3Haxo/KeHHS AaMIUTITyJIHMX 3Ha4eHb HEBIOMUX TIPH  YCTaJeHUX
KoJMBaHHSX. KonrBaHHS Py KHUX CHCTEM MOISIOTH Ha 1Bi (Da3u.

[Tepma ¢daza — me mnepeximHuii mporec, abo HecTaliOHApHI KOJHMBAHHS,
BIIPOJIOBXK SKOTO Yy 3arajbHOMY TIpolleci KOJWBaHb CYTT€BA YacTKa BIACHUX
KOJIMBaHb. AJie 3 4acoM, Y 3B’s3KYy 3 HasBHICTIO TAaCHMKIB KOJIMBaHb, JIOJIS BJIACHUX
KOJIMBaHb 3MEHIIYEThCS. SIKIO BUMYIIIEHI TapMOHIYHI BIUIMBH, 3 YacTOTOW &, TO
OCHOBHI KOJIMBaHHS JaJli BiJI0yBalOTHCS 32 TaApMOHIYHAM 3aKOHOM, HaINpUKIIaJ sin &f,

Takl KOJIMBaHHS HAa3WUBaIOThCS YCTAJICHUMH abo CTaHiOHapHI/IMI/I KOJIMBaHHAMM.
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BinnosiznHi po3paXxyHKOBI pIBHSHHS OTPUMYIOTh 3 TMHAMIYHUX PIBHSHb BU3HAYAIOUU
PO3B’S130K Yy hopMi:
u™ (x,t) =u'(x)sin 64,
(18) v (x,t) =V (x)sin 6, (19)

w* (x,t) = W' (x)sin 6¢;

u'(x,t) =u'(x)sin O,
V(x,t) =V'(x)sin6f;

MPUXOJIUMO JIO PO3B’SI3yBaHHS 3aadi

are _ A, x)Y(x)+F (20)
dx

ne ?(x) 3aJI0BOJIBHSE YMOBaM:
C,(Y(x,)— Do) =0,

C,(Y(x,)—®.)=0.
3anmaua (17), (18) mpu 3amanomy € € KBa3icTaTUYHOIO i pO3B’SI3yETHCS BIITHOCHO

21)

aMIUTITyIHUX 3HaYeHb KoMroHeHT H/IC aHanoriuHo craTU4HUM 3a/1adam.

BaxnuBoro XapakTepUCTHUKOIO TPYKHHUX CHCTEM € aMIUITYyAHO-4acTOTHA
xapakrepucTtika (AUX), moOymoBa SKOi BUIUIUBAE 3 MOMEPETHBOTO 1 OYIyEThCS NS
okpemux komrnonentis HJIC.

OngHumy 3 30BHIIIHIX BIUIMBIB, BpaxyBaHHS SKUX Ha HeCy4l KOHCTPYKLIL
BaXXJIMBE, € TeMIepaTypHi BIUIMBHU. Y Halll 4ac BpaXyBaHHs TeMIIepaTypHUX BIUIMBIB
PO3IIISIIa€ThC B paMKax MeBHOTO HAMPSIMKY MeXaHiKu Je(hOpMIBHOTO TBEpJOTO Tija
— TEPMOIPYKHOCTI. 3HAXOKEHHIO HaIpPyKeHO-Ie(OPMOBAHOTO CTaHy KOHCTPYKIIiT
nepenye po3paxyHOK TeIJIOBOTO TOJsA, JJS YOTO BHKOPUCTOBYETHCS TEOPis
TEIUIONpPOBiTHOCTI. PO3B’s13aHHS 3a/1a4i TEPMOIIPYKHOCTI CKIaAa€ThCS 3 TBOX €TaIliB
— Ha MepluIoMy HeoOX1JHO BU3HAYUTH XapaKTEPUCTUKU TETIOBOTO MOJsl, HA JPYTrOMY
— MO 3HaiJIeHUM 3Ha4YeHHSAM TeMIlepaTyp Bu3HauaroTh xapaktepuctuku HJIC. Ilpu
[BOMY PO3MJISIIAIOTH B TUMH 3324 TEIJIONPOBITHOCTI.

SIKIIO0 30BHIINIHI TeMIIepaTypHi BIUIMBU CTalli, TO CTaH TEIJIOBOTO TMOJS €
CTalllOHapHUM, TOOTO He3aleXXHHM BiA dYacy. Po3paxyHKoBi piBHAHHA Teopii
TETUIONPOBITHOCTI CXOXKi 3a (POPMOIO Ta 3MICTOM 3 CTATUYHUMH PIBHSIHHSIMH TeOpii
MPYKHOCTI, TOMY AJisl X pO3B’s3aHHS BUKOPUCTOBYIOTHCSI allTOPUTMH, IO OMHUCaHi
BUILE JJI PO3B’I3yBaHHs CTAaTUUHUX 3a]1a4.

4. Sxmo BiANOBIAHA 3aJada HAa3WUBA€EThCA HECTAI[IOHAPHOIO  3aJavyero
TETJIONPOBITHOCTI 1 OMUCYETHhCS HECTAIIOHAPHUMU PIBHAHHSAMU TEILIONMPOBITHOCTI,
Kl (K 1 BHUINE) 3aMUCYIOThCS Y BUMISIAL CUCTeMHU AudepeHIialbHUX PiBHSIHD
MEPIIOTO MOPSIIKY MO MPOCTOPOBUX KoopAuHATax. /(s miockoi 3agadi BOHM MarOTh
BUTJIS;
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OT (x, y,t
qx(x,y,f)z_ﬂfr%
oT(x,y,t)
b 7t == A,
q,(x,y,t)=—4 o 22
oq,(x, .t
e fTy) g (xy.0) 29,0600 o
ot ox ay

ne A, - KoeQiUieHT TeIUIONPOBIAHOCTI, ¢ - IUTOMA TEIUIOEMHICTh, L -

IIUTBHICTE MaTepially, o PO3TIsSIaeThCs.
Tyr T - rtemmeparypa, ¢, , ¢, - KOMIIOHEHTH BEKTOpPa TEIUIOBOIO MOTOKY.

Hesimomi ¢yHKIIT NMOBUHHI 3aJ0BOJBHITH TPAaHUYHUM YMOBaM, y SIKOCTI SIKUX
BUOMPAETHCS YMOBH KOHBEKTHBHOTO TEIUIOOOMiHY, Ta MOYAaTKOBUM YMOBaMm, 1€ B
noyarkoBuid MomeHT dyacy t=0 T(x,y,0)=T,(x,y) (po3moain TemmepaTyp
BIJIOMHUIA).

Penykyroun piBHSHHS 32 JONOMOTOIO MPOEKIIMHOTO MeTo/a 3 BUKOPUCTAHHIM
6a3ucHUX (QyHKIIH-KPUIIOK, OTPUMY€EMO PeAyKOBaHI PiBHSHHS “B KoedilieHTax :

: oT'(x,1)
i(x,t) — —ﬂ, ’
qx T at
g, ==2,8"b,,T%(x,1) (23)
aT x’t a .; i o il b i
P a(r ):_aqx -g'b,4y +8"q, —g"q,

IIpu po3B’si3yBaHHI piBHSHb HECTAIlIOHAPHOI TEIUIOMPOBITHOCTI YHUCEIbHUMU
METOJIaMH, IPUWHATO PO3PaxXyHKOBI PiBHSHHS 3BOJUTH 0 PiBHSIHB APYTrOTO MOPSIKY
0 POCTOPOBUX KOOPAWHATAX, BUKJIIOYAIOUN 3 HUX KOMIIOHEHTH BEKTOpa TEIJIOBOTO
notoky. PenykoBani piBHsHHS (20) MaroTh aHajoriu"ny ¢opMmy 3 BHXITHUMH

PiBHSHHSIMH. 3a JOIMOMOIOK TPAaHWYHUX YMOB MpH y=Hh Ta y=~h 3 pIiBHSAHb

1 N :
BUKIIFOYAIOTBCS ¢, Ta ¢, . Y Pe3ysbTaTl OTPUMYEMO:

pe 0y TTCD ) o, g, 77 (x4 T (51) -

(24)
—Arg" T (x,0)+ O.(x, 1)
O (x,1)=0'(x0)-g" 20 ()~ " 470 (1) , me O (x1) , O(x0) -

TEMIIEpaTypa OTOYYHOUOI0 CEpPeIOBHINA 3 OOKIB IUIOMUH y=h Ta y=h".

JIns mopanbinoi po3poOKH ajaropuTMa Ta MporpaMmyBaHHS 3pY4YHO MEpedTH 1o
MaTpPUYHOI (POPMH PO3PaXyHKOBOTO pelyKOBAaHOTO PIBHSHHSL:
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oT
Ci
ot
Tyr T = |:Ti:| , A= |:g"7 ajg“ﬂbﬂy:l = {0555} T"(x,t) - 3HaYeHHS TeMIEpPATypPHOI

27
1.9 g D _ 3 aT(@,)+a:G T () -GN 6D+ 0,0, (25)
x

¢byskuii Ha npsamiit n= N ; T(x,t) - 3HaUYeHHS TeMIepaTypHOI (QYHKIT Ha MpsAMii
n=1; G, ={ g } - 3HAUeHHs JBiYl KOHTpPaBapiaHTHOI'O METPUYHOTO TEH30pa Ha
npaMii n=N , npu i=1,N (mMaTpuug-croBnuuk); G, ={ g“} - 3HAYeHHs ABIYl

KOHTpaBapiaHTHOTO METPUYHOIO TeH30pa (MAaTPULS-CTOBITYMK) Ha MpsAMii n =1, pu
i=LLN.

Jlns po3B’si3yBanHs 3aaaui Kol ams audepeHiialbHUX PiBHSIHb B YaCTHHHUX
MOXITHUX BUKOPHUCTOBYIOTHCS PI3HMIIEBI CXeMHW MeToJla CKIHYCHHUX PI3HHUIIb.
Pizaunesi cxemu [17] MOXyTh OyTH SBHUMH, Jie¢ OOUYMCICHHS MPOBOJUTHCS IIO
peKypeHTHUM QopmyiaM, abo HEsSIBHUM, Jie Ha KOXHOMY Kpolll HeoOXiIHO
pPO3B’sI3yBaTH JAEsIKi CUCTEMHU ajreOpaiyHuX piBHSIHb. SIBHI cXeMU Ui pIBHSIHHS
TEIUIONPOBITHOCTI Habarato MpOCTilI 3a HesBHI, aje B MPaKTHYHUX 3aJadax
HECTAI[IOHAPHOI TeIJIONPOBIAHOCTI PEKOMEHIYIOTh BUKOPUCTOBYBATH HESIBHI CXEMH
[13]. SBHI cXemMu MOXYyTh OYTHM YMOBHO CTIHKHMMH, TOOTO MOTPEOYHOTh MaJIMX
3HauYeHb KPOKIB MO YacoBii KoopauHaTi Af mpu BUOpaHUX 3HAYEHHSX KPOKY IO
MPOCTOPOBI KoopauHaTi Ax , sika 3a0e3rnedye JOCTaTHIO TOYHICTH Pe3yJIbTaTiB.
Po3pobrnieHa Benrka KiUTBKICTh HESIBHUX PI3HULIEBUX CXEM, SIKI € CTIHKMMU MpU Oy 1b-
SKUX 3HauYeHHAX Ax Ta At , mo 3abe3nmedyloTh 3HAXODKEHHS pe3yJbTaTiB 3
JIOCTaTHHOIO TOYHICTIO 1 Oe3 BTpaTh 00YHCITIOBATLHOI CTIHKOCTI.

HaiimpocTinmi  pi3HHIIEBI cXeMH ISl HECTalllOHAPHOI TeIUIOMPOBITHOCTI
HaBeJleHi Ha puc. 1.

Ha  namiBHeckiHyeHy  oOjacTh  BU3HAYEHHS  pPEIYKOBAaHUX  DPiBHSHBb
[0<x,L]®[0<tL], BimHeceHol 10 meKkapTOBOI cHCTeMH KOOpAMHAT x0f HaHECEHO

CiTKy 3 KpokoM Ax mo koopauHati x Ta A¢f mo koopawHati ¢ . JIiHii ciTkm
BU3HAYAIOTHCS 1HIAEKCOM | 1Mo 3MiHHIN X Ta IHIEKCOM k 10 3MIHHIHA [ .

CykymnHICTh BY37iB CITKHM, 110 BHUKOPUCTOBYEThCA MJii TOOYAOBH JaHOL
pI3HUIIEBOI CXeMH, Ha3WBalwTh IabsoHoM. Ha puc.l cykymHicTh BY3IMIB, IO
No3Ha4YeHI Kpy>KeuKaMH, BUKOPUCTOBYETHCS JIJIsl IOOYIOBH SIBHOT PI3HUIIEBOI CXEMH,
a CYKyMHICTh BY3JiB, 110 MTO3HAYEHI XpeCTUKaMHt, BUKOPUCTOBYETHCS ISl TIOOYIOBH
HEesSBHOI cXeMU. 3rajiaHi pi3HUIIEBI CXEMHU MPUB’A3aH1 10 LIEHTPAJIBHOTO By3Ja (1, k) 1

BUKOPUCTOBYIOTBCS ISl alpoOKCUMaLlli peIyKOBaHOIO DPIBHSHHS TEIJIONPOBIHOCTI
(25) B ikt touni. Ilpu npomy mo oci 0f a1 MOXiAHOI MO ! BUKOPUCTOBYIOTHCS
CKIHYEHHI PI3HMIIEB] YaCTKH MEPIIOTo MOPSAKY TOYHOCTI, IO 3MIHHINA X - CKIHUYCHHI
Pi3HHULIEB] YAaCTKHU APYTOTO MOPSIAKY TOUHOCTI.
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(L-1, k+1) (L, k+1) (L+], k+1)
5 g

-

ki

(L-1. k) (LK) (L1 Kk}
i .

Ed I [+1

Puc.1. PisHunena cxema.

Jlo mepioi pi3HMLEBOI CXeMHU BXOJSATh BY3JIM, IO IMO3HA4YeHI TOYKaMH, 0
Ipyroi - mo3HaveHi xpecTtukamu. llepia siBHa cxemMa - YMOBHO CTifika 1 BUMarae
MaJjiux 3HadYeHb At a1 3a0e3MeueHHs CTIMKOCTI 00YMCIIIOBAIBHOTO TPOIeCy, TOOTO
He eKoHoMiuyHa. [[pyra cxema- HesiBHa, 3aBXKIu cTiiika. Ha ocHOBI LIUX JBOX cXeM
YTBOPIOEThCS HesiBHA cxema Kpanka-Hikonbcena [7], 1Mo € cepeHIM IIUX TBOX CXEM,
TOOTO X CyMOIO TTOJICHOIO Ha 2.

Lls cxemMa € EKOHOMIYHOIO 1 IIMPOKO BHUKOPHUCTOBYETHCS TMPU PO3B’sI3aHHI
PiBHSIHB TETUIONPOBiAHOCTI [4].

OCKUJIBKM CTPYKTypa pPeIyKOBAaHOTO pPIBHSHHS HECYTTEBO BiJPI3HAETHCS Bij
CTPYKTYPH CTAaHJIAPTHOTO DPIBHSHHS TEIUIONMPOBIAHOCTI, TO MOOYIYEMO BiJMOBIIHY
pI3HUILIEBY cXeMYy IS piBHSIHHS (25).
a’At (

T _ Tk _
! LAY

. . L L 1, - -
k+1 k+1 k k k k k+1 k

I =2B T+ TG =20+ T )+ (B BY) e F o
3JIMIIIKOBA YAaCTHUHA PIBHSHB (25).

3HaueHHsI HeBIJOMHMX Ha 4acoBoMy Iuapi k € Bimomumu, a (26) Ha yacoBOMY
mapi k+1 - HeBigomi. IlepeHocsun HeBiIOMI BETMYMHU JIIBOPYY, a BiJIOMI IIPaBOpPYY,
OTPUMYEMO PO3B’S3yBalbHI PiBHSIHHS:

(2x)

Tl—l,k+1_2 pc At +1 Tl,k+l+Tl+l=Tl—l,k_2 pc

(2x)

At

T 4T O, (26)

Ji1st 3HaXOHKeHHS 3HAaUeHb PO3paxyHKOBOI (GyHKIIT 7 3TiTHO PiI3HUIIEBOI CXEMH
(14) ckmamaerbest cucTeMa piBHSHB AJIS HEeBiIOMUX Ha k+1 mapi. Marpuus miel
CUCTEMHU Ma€ TPUIIaroHaJbHUN BUIJIA, 110 JO3BOJISIE PO3B’SI3yBaTH II0 CUCTEMY
anredpaiyHUX piBHSIHb METOJOM MaTPUYHOI TPOTOHKH [§].
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5. JlocnmipkeHHS HeCTalllOHApHUX KOJMBaHb IMPYXHIX 00 €KTIB TOBUHHO
BpaxoByBaTU OyAb-sKI 3a YacoM BIUIMBU, PO3PaxyHKOBI (YHKIII ITOBHUHHI
3aJI0BOJIBHSITY TMOYAaTKOBUM YyMOBaM 1 CKJIAJaTHCS 3 BHUMYLIEHHUX Ta BIACHUX
KOJMBaHb.  BignoBigHi  3amadi B MareMatwdHid — (i3Wlli  OMUCYIOTHCS
audepeHLiaJbHIMI PIBHIHHSAMH B YaCTUHHHUX MOXITHUX W BITHOCSTHCS 10 PIBHSHB
rinepOomigaoro tumy [8]. 3HWKEHHS BUMIPHOCTI CYTTEBO TIOJIIIIYE TMPOIIEC
OTpUMMaHHS pO3B’sA3KiB. Alle 3HAXO)KEHHs PO3B’SI3KiB MOYATKOBO-IPaHUYHUX 3a]ay,
0COOJIMBO peyKOBaHUX, MOXKIIMBO TIIbKK YHCEIbHUMH MeTodamu. s Tumy 3amad,
Kl PO3IJISAJAIOTBhCS, YHCeNbHI MeToAu 0a3yloThCs Ha 3acTOCYBaHHI MeToja
CKIHYEHHUX PIi3HMIL 1 MoOy0BI Ha MOro OCHOBI PI3HUIIEBUX CXEM - SIBHUX a0o
HEeSBHUX.

Iobyooea pizHuuesux cxem 014 3a0au 2inepooivH020 muny.

BuxigHi piBHSHHS NPUWHATO 3aMUCYyBaTH y BUTIISAI AUdepeHIialbHUX PiBHSAHD
B YaCTUHHUX MOXITHUX JAPYTOTr0 MOPSJIKY O MPOCTOPOBUX Ta YaCOBIM KOOpIWHATAX
BUKOPHUCTOBYIOTHCS SIBHI Pi3HUIEBI cxeMu. |Jisl BUXIIHOI MJIOCKOT AMHAMIYHOI 3a7a4i
peayKOBaH1 piBHAHHS O TIPOCTOPOBIM KOOPAMHATI MAtOTh BUTJISII:

%u _(Hzm%;l tAg b,aa—v—g ka'-g kau'-g b,aa—v—ﬂgaﬂbﬂyu”xia
% ) g; T bjaa—”-g kv'-gkv-Ag’ 8” ~r 208 b by +

JIist TOJIOBHOI YacTMHHOI PI3HUIIEBOI CXEMHM, MOB’S3aHOI 3 ampoKCUMAlIle€r
IPYTUX TOXiAHUX II0 TPOCTOPOBIM Ta YAacOBIM KOOPAWHATAX BHKOPHUCTOBYEMO
mabion “xpect” (Puc.2).

HudepeniiatbHOMY BUpasy

8_v ov’

-g ku'-gku-g bm—-ﬂgaﬂbﬂyuuxi

p%’fﬁ —(/1+2,u)%;: +1g b,a

y By31i (1, k) craButbest y Bi,I[HOBi,I[HiCTL BHUpa3
p(v;.k—l B 2V;.k tu ;,k+1) _ (A+2)(y ;—l,k —2y ;+1.k + u;+1,k)
(A1) (Ax)°

%‘i _”gv THE b/aa—u‘g kv'-gk,v-1g'%

, a TudepeHIiaTbHOMY BUpPa3y

8u

~(+208 b b,V + Y

p(V;.k-l - 2V;,k Tu ;.k+1)
(At)’

CTaBUTHCS Y BIATMIOBIAHICTH BUpa3 =u(y, =2y oty )+
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(L. k+1)
|
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L. k-1

k-1 b - ¢ : | -
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(.:-. LY & J\r
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_ A X i L-1 L L+l
Puc.2.

VYV penykoBaHWUX PIBHAHHSX Teplll TOXIJHI MO TPOCTOPOBUX 3MIHHUX
alPOKCUMYIOThCS ILIEHTPaJIbHUMHU PI3HULEBUMH YacTKaMH, a B pPeAyKOBaHHUX
IpaHUYHUX YMOBaX - BIAMOBIIHUMHU OJTHOOIYHUMU Pi3HUIIEBUMHU YaCTKaMHU.

3 peayKoBaHUX MOYATKOBUX YMOB 3HaXOMATHCS 3HAYCHHS HEBIJJOMHX BEKTOp-

¢yHKLii u' Ta v B ycix Bysnax Iepiumx JABOX MIAPiB, a MOYMHAIOYH 3 TPETHOTO - 110
PEKypPEeHTHHUM CIIiBBIIHOIIICHHSM SBHOI PI3HUIIEBOI CXEMHU TIOCTIJJOBHO Ha BCIX
HACTYITHUX IIapax.

OckinbKM JJaHa pi3HUIIEBA CXeMa € YMOBHO CTIMKOIO, TO HeoOXiIHO miaiopaTu
3Ha4YeHHS KPOKiB Af 1 Ax, siKi 3a0e3MeuyroTh CTIMKICTh OOYMCIIOBAIBHOTO MPOIIECY.
OcKiJIbKY pelyKOBaHi piBHSIHHS JOCUTh CKJIaHi, TO MPpU BUOpaHOMY Ax HE0oOXiTHO
nigOupaTy 3HaUeHHSI Af YHCENBHO.
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KpacueeBa A.O., [TommBay J[.B.,Uy6apes A.T".,

[opun O.A., SAuconc M.O., Cosuu FO.B.,

KueBckuii HallMOHANBHBIN YHUBEPCUTET CTPOUTENBCTBA U ApXUTEKTYPbI

YUCJEHAS PEAJIMBAIUA MOANLIUPOBAHOTI'O
METOJA INPSMBIX

BaxkHpIM  3TamoM  COBpeMEHHBIX KOMOMHHPOBAaHHBIX METOJOB  €CTh
MpUMEHEHUE YMCIEHHBIX METOJIOB JJIsl pellieHus] pelylIMpPOBaHHbBIX 3a7a4. ITO ObLIO
HEJIOCTaTKOM KJIACCMYECKOTro MeToJa MPsAMbIX. UMCIEHHBIM METOJ HMCIOJIb30BaICs
JUTSI CHUOKEHUST Pa3psIHOCTH (peayKIMK) UCXOIHBIX YPAaBHEHM, B pe3ysibTaTre uero
peayLUpOBaHHbIE YpaBHEHUsSI HMMENU CJOKHBIA BUI. DTO Mellalo MNPUMEHEHHIO
COBpPEMEHHBIX YHUCJIEHHBIX METOJOB /il MX pelleHus. [loHmwkeHue pazMepHOCTU
UCXOJHBIX TPAaHUYHBIX M HAYaJbHO-TPAHUYHBIX 3aJad g ypaBHEHUN Teopuu
YIOPYTOCTH Ta TEPMOYINPYTOCTH C MOMOIIBIO MPOEKIIMOHHOTo MeToza [1] coxpansier
(dbopMy KllacCMUeCKHX TPaHWYHBIX U HayajJbHO-TPAHUYHBIX 3a7a4 MaTeMaTH4ecKoOn
¢bu3uku u TpeOyeT He3HAUUTENbHOW aJanTaldd K COBPEMEHHBIM YHCIEHHBIM
MetojaM [2-6]. MIMeHHO STWUM BONpPOCOM IIOCBsIeHa 3Ta pabdora. [IpumeHeHue
MOANGUIMPOBAHHOTO METO/a MPSIMBIX MOXET ObITh PACUIMPEHHO Ha CTaTHYeCKHe
3a/layd TeOpUU YIPYTrOCTH W CTAallMOHApPHBIE 3aJaud TeruIoNpOBOJHOCTH [7], Ha
3a/lauyu CTAalMOHAPHBIX KOJeOaHWM yNnpyrux KOHCTPYKUHWN, Ha 3afjaud OINpeesieHHs
JTUHAMUYECKUX XapaKTEePUCTUK (4acToT U (HopM cOOCTBEHHBIX KojieOaHMit), 3amad
HECTAllMOHAPHOW TEIJIONPOBOAHOCTA M HECTAllMOHAPHBIX KoJIeOaHUN yIpyrux
00bekToB. PaccMoTpuM BONPOCH! aianTallid COBPEMEHHBIX YMCICHHBIX METOJI0B Ha
peleHre COOTBETCTBYIOIIMX peaylUpoBaHHBIX 3anad. [lpu 3ToM BaxkHa ¢(opma
M0/Iauu peaylUPOBAaHHBIX ypaBHEHUH B 3aBUCUMOCTH OT CTPYKTYPBI U OCOOEHHOCTeH
COOTBETCTBYIOIIIETO YKCIEHHOTO METO/Ia.

KitoueBbie cioBa: HamnpsiKeHHO-e(OPMUPOBAHHOE COCTOSIHUE; JMHAMUKA;
TEPMOYIIPYTOCTh; MPOEKIIMOHHBIA METO/T; MOIU(MULUPOBAHHBIN METO] IIPSIMBIX
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Krasneeva A.O., Poshivach D.V.,

Chubarev A.G., Shorin O.A.,

Yansons M.O., Sovich Yu.V.,

Kyiv National University of Civil Engineering and Architecture
NUMERICAL IMPLEMENTATION OF THE MODIFIED

METHOD OF LINES

An important step in modern combined methods is the application of numerical
methods to solve reduced problems. This was the disadvantage of the classical
method of lines. The numerical method was used to reduce the measurability
(reduction) of the original equations, as a result of which the reduced equations had a
complex appearance. This prevented the use of modern numerical methods to solve
them. Reducing the measurability of the initial boundary and initial boundary value
problems for the equations of the theory of elasticity and thermoelasticity using the
projection method [1] retains the form of classical boundary and initial boundary
value problems in mathematical physics and requires little adaptation to modern
numerical methods [2-6]. This work is devoted to these issues. The application of the
modified method of lines can be extended to static problems of elasticity theory and
stationary problems of thermal conductivity [7], to problems of steady oscillations of
elastic structures, to problems of finding dynamic characteristics (frequencies and
forms of natural oscillations), problems of nonstationary thermal conductivity [7] and
nonstationary elastic oscillations. objects. Consider the adaptation of modern
numerical methods to solve the corresponding reduced problems. It is important in
what form it is necessary to present the reduced equations depending on their
structure and features of the corresponding numerical method.

Key words: stress-strain state; dymamic; thermoelasticity; projection method;
modified method of lines.
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